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Abstract
We study the Bardeen-Cooper-Shrieffer (BCS) pairing state of a two-component Bose gas with
a symmetric spin-orbit coupling. In the dilute limit at low temperatures, this system is essentially
a dilute gas of diatomic molecules. We compute the effective mass of the molecule and find that
it is anisotropic in momentum space. The critical temperature of the pairing state is about eight
times smaller than the Bose-Einstein condensation (BEC) transition temperature of an ideal Bose
gas with the same density.
1
I. INTRODUCTION
In contrast of the successful observation of BCS-BEC crossover in Fermi gases ,[1] the BCS
pairing state of Bosons has been proposed more than half a century ago ,[2, 3] but it is still
not observed in experiments. In experiments of ultracold quantum gases, one big obstacle is
the short lifetime of Feshbach molecules ,[4–7] not enough for equilibration into a molecular
BEC state. Theoretically, the BCS state of a Bose gas was found to be generally unstable
in the attractive region or close to the Feshbach resonance.[8–11] Recently we proposed to
realize a stable BCS pairing state of a Bose gas by spin-orbit coupling (SOC) .[12] In this
paper we study the critical temperature of this pairing state.
SOC in ultracold quantum gas has attracted a lot of research attention in recent years.
SOC was first realized in Bose gases ,[13, 14] and then in Fermi gases .[15, 16] The SOC
of ultracold atoms is not SOC of electrons, but the artificial coupling between spin of the
atomic internal state and center-of-mass momentum of the atom . [17–21] Although most
studies focused on one-dimensional(1D) SOC, two-dimensional(2D) SOC has been recently
realized in experiments, [22, 23] and the methods to generate three-dimensional(3D) SOC
have been proposed. [24, 25]
This paper is organized as follows: First, we introduce the BCS pairing state of a Bose
gas with symmetric SOC. Then we study the two-body bound state of Bose atoms with 3D
SOC at finite center-of-mass momentum and calculate the effective mass of this diatomic
molecule, which is used in the computation of the critical temperature. Finally, we discuss
experimental aspects and conclude in the end.
II. PAIRING STATE OF A BOSE GAS WITH SOC
A. Introduction
We consider a two-component homogeneous Bose gas modeled by the Hamiltonian H =
H0 +Hint. The single-particle Hamiltonian H0 is given by
H0 =
∑
k,ρ,ρ′
c†kρ[ǫkδρρ′ +
~
2κ
m
k · σρρ′ ]ckρ′ , (1)
where σρρ′ are Pauli matrices, m is the atomic mass, ckρ is the annihilation operator of
a Boson with wavevector k and spin component ρ, ǫk = ~
2k2/2m, and κ is the strength
2
of an isotropic 3D SOC. The single-particle Hamiltonian H0 can be diagonalized, yielding
two helicity excitation branches with eigenenergies given by ǫk ± ~
2κk/m. The interaction
between atoms Hint is given by
Hint =
1
2V
∑
kk′qρρ′
gρρ′c
†
q
2
+k′ρ
c†q
2
−k′ρ′
cq
2
−kρ′cq
2
+kρ, (2)
where V is the volume, gρρ′ are coupling constants, and g↑↓ = g↓↑. In this paper we consider
the symmetric case, g↑↑ = g↓↓.
With 3D SOC, two Bose atoms can form a bound state with any inter- or intra-species
coupling constants [12], which is helpful for the formation of a BCS paring state. Phase
separation can be avoided with intra-species repulsion and inter-species attraction. In this
case since the binding energy of the inter-species diatomic molecule is much smaller, and it
will be easier to generate inter-species diatomic molecules. At low temperatures, these di-
atomic molecules condense into a pairing state [12]. In addition to single-particle excitations
described in the mean-field approximation [12], there are also pair excitations. In the dilute
limit, the pairing state is essentially a weakly interacting BEC state of diatomic molecules
at low temperatures [1, 26].
B. Properties of a diatomic molecule with SOC
The diatomic wavefunction |φ〉q of two Bose atoms satisfies the eigenequation H|φ〉q =
Eq|φ〉q, where ~q is the center of mass momentum, and Eq is the eigenenergy. This wave-
function can be generally written as
|φ〉q =
∑
kρρ′
ψρρ′(k,q− k)c
†
kρc
†
q−kρ′ |0〉, (3)
where the coefficients satisfy ψρρ′(k,k
′) = ψρ′ρ(k
′,k). From the eigenequation, we can
construct the following matrix equation for the coefficients
Mkqψ
′
kq =
1
V
G
∑
p
ψ′pq, (4)
where ψ′kq = [ψ↑↑(
q
2
+ k, q
2
− k), ψ↓↓(
q
2
+ k, q
2
− k), ψ↑↓(
q
2
+ k, q
2
− k), ψ↑↓(
q
2
+ k, q
2
− k)],
G =


g↑↑ 0 0 0
0 g↓↓ 0 0
0 0 g↑↓ 0
0 0 0 g↑↓


. (5)
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The matrix Mkq is given by
Mkq =


εkq −
~
2κqz
m
0 −1
2
S∗(q⊥) + S
∗(k⊥) −
1
2
S∗(q⊥)− S
∗(k⊥)
0 εkq +
~2κqz
m
−1
2
S(q⊥)− S(k⊥) −
1
2
S(q⊥) + S(k⊥)
−1
2
S(q⊥) + S(k⊥) −
1
2
S∗(q⊥)− S
∗(k⊥) εkq −
2~2κkz
m
0
−1
2
S(q⊥)− S(k⊥) −
1
2
S∗(q⊥) + S
∗(k⊥) 0 εkq +
2~2κkz
m


,
(6)
where εkq = Eq − (
~2q2
4m
+ ǫk, k⊥ is the projection of k in the x − y plane, and S(k⊥) =
~
2κ(kx + iky)/m. Define Q = G
∑
k ψ
′
kq/V , and we obtain
Q =
1
V
G
∑
k
M−1kqQ. (7)
Thus the eigenenergy of the bound state satisfies the equation
‖ 1−
1
V
G
∑
k
M−1kq ‖= 0, (8)
which has three nontrivial bound-state solutions, two due to the intra-species interaction
and one due to inter-species interaction.
As stated in the previous subsection, we consider only the diatomic molecule due to
inter-species interaction. By solving Eq. (8), we obtain in the limit q → 0,
Eq = E0 +
~
2q2z
2m∗z
+
~
2q2⊥
2m∗⊥
, (9)
where m∗z and m
∗
⊥ are axial and planar effective masses. From numerically computation,
we find that the effective mass is anisotropic, m∗z 6= m
∗
⊥. The planar effective mass reaches
maximum when a↑↓ diverges, as shown in Fig.1. We find in the limit a↑↓ → 0
−, m∗⊥ = 10m
and m∗z/m = 10/3 ; at resonance, m
∗
⊥ = 16.5m and m
∗
z = 2.5m; in the limit a↑↓ → 0
+,
m∗⊥ = m
∗
z = 2m. For κa↑↓ = −1.49 good for experiments [12], we obtain m
∗
⊥ = 14.2m and
m∗z = 2.9m.
C. Critical temperature of the pairing state
In the dilute limit, the interaction between diatomic molecules is very weak. At the
critical temperature Tc, almost all the atoms form thermal molecules with density
n =
1
V
∑
q
1
eβ(Eq−E0) − 1
, (10)
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FIG. 1. Effective masses of a diatomic molecule vs inverse of inter-species scattering length. The
solid and dashed lines are planar and axial effective masses respectively.
where β = 1
kBTc
. In the effective mass approximation, we obtain
Tc ≈
m
(m∗zm
∗
⊥
2)1/3
Ta, (11)
where Ta = 2πζ
− 2
3 (3
2
)~2(n)
2
3k−1B m
−1 is the critical temperature of an ideal two-component
Bose gas with density 2n, and ζ is the Riemann-zeta function.
For κa↑↓ = −1.49, we obtain that Tc = 0.12Ta, about eight times smaller than the
BEC transition temperature of an ideal Bose gas. For an ultra-cold 87Rb gas with 2n =
2 × 1017m−3, κa↑↓ = −1.49, and κ = 2.51 × 10
7m−1, the critical temperature of the BCS
pairing state can be observed at about 0.76nK which is already reachable with current
experimental techniques.
5
III. SUMMARY
In summary, we study the critical temperature of the BCS pairing state in a two-
component Bose gas with a symmetric spin-orbit coupling. In the dilute limit at low tem-
peratures, this system is a weakly interacting gas of diatomic molecules. We find that the
effective mass of a diatomic molecules is anisotropic. The critical temperature of the pairing
state is about eight times smaller than the BEC transition temperature of an ideal Bose gas
with the same density.
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